
Problem Set 3:
Solved Practice Problems

October 16, 2017

Section IIa

Paraphrase
In this section, we’re going to translate sentences of ’idiomatic English’
into our logical notation.

You should try the problems first yourself, then study the solutions.
Remember that there are always many ways to do a given problem, so
if your solution doesn’t exactly match the one below, that may not be a
problem.

Problems
Exercise 1. Every home in Providence is made of brick or made of
wood.

Exercise 2. If some history student has not read Thucydides, then
every philosophy student has read Livy.

Exercise 3. Every philosopher who has studied Greek wishes that they
studied history.

Exercise 4. Some farmer will vote for the candidate provided that no
rancher endorses the referendum.
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Solutions
Exercise 1. Every home in Providence is made of brick or made of
wood.

Solution: This sentence is clearly a universal quantification. When-
ever we see a universal quantification, we should be looking for some-
thing of roughly the following form: Every one of these is one of those.
Here, ‘these’ are the homes in Providence; ‘those’ are things made of
brick and wood. So our first step is to render the sentence as:

For all x,1 if x is a home in Providence, then x is made of
brick or x is made of wood.

That is:

For all x (x is a home in Providence ⊃ x is made of brick or x
is made of wood)

We now consider the antecedent:

x is a home in Providence

We can think of this as a conjunction:

x is a home ∧ x is in Providence

There is no more we can do except to introduce predicate letters:

Hx ∧ Px

Putting that back in for where we got it:

For all x (Hx ∧ Px ⊃ x is made of brick or x is made of wood)

Now, we turn our attention to the consequent:

x is made of brick or x is made of wood

This is obviously a disjunction:

x is made of brick ∨ x is made of wood
1Or: No matter what x may be. . . .
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And now the only thing we can do is:

Bx ∨Wx

So putting that back where we got it:

For all x (Hx ∧ Px ⊃ Bx ∨Wx)

So:

∀x(Hx ∧ Px ⊃ Bx ∨Wx)

In this case, except for the choice of predicate letters, there probably
isn’t any other correct solution.

Exercise 2. If some history student has not read Thucydides, then
every philosophy student has read Livy.

Solution: This sentence is clearly a conditional. Our first step is
thus to break it down into antecedent and consequent:

some history student has not read Thucydides ⊃ every phi-
losophy student has read Livy

Let’s look at the antecedent:

some history student has not read Thucydides

This is most naturally treated as an existential quantification.2 And,
when we are dealing with an existential quantification, we want to look
for a structure like: Some one of these is one of those. Here, ‘these’ are
the history students’; those are the things that have not read Thucydides.
So we have:

For some x, x is a history student and x has not read Thucy-
dides

2The English sentence itself is probably ambigous, especially if you stress “not”
hard enough: Some history student has NOT read Thucydides! That might seem
like a negation: ¬(Some history student has read Thucydides). But it is much more
difficult to hear it that way when it appears in the original conditional. Still, and as
always, if a sentence seems ambiguous to you, just say so, and tell us which reading
you are adopting.
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Remember that we use conjunction here, not the conditional, we we do
with universal statements. That is to say, we do not want:

For some x, if x is a history student, then x has not read
Thucydides

Just remember this as a general rule: We do not want conditionals
inside existential quantifers.

We can now look at what is inside the scope of the existential quanti-
fier:

x is a history student and x has not read Thucydides

This is obviously:

x is a history student ∧ x has not read Thucydides

Notice too that the second conjunct contains a negation. We should
render this as:

¬ (x has read Thucydides)

Putting this back where we got it:

x is a history student ∧ ¬ (x has read Thucydides)

We can do nothing else to the antecedent except introduce predicate
letters:3

Hx ∧ ¬Tx

We can place this back inside the scope of the existential quantifier to
get:

For some x (Hx ∧ ¬Tx)

Or:

∃x(Hx ∧ ¬Tx)
3Here one might wonder if we could break “history student” down further, say into:

x is a student and x studies history. It would not necessarily be wrong to do so, but, on
the other hand, “x studies history” sounds rather a lot like “x is a history student”.
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Putting this back for where we got it:

∃x(Hx ∧ ¬Tx) ⊃ every philosophy student has read Livy

We now need to handle the consequent:

every philosophy student has read Livy

This is clearly a universal quantification. But we just learned that we
need to looking for something like: Every one of these is one of those.
Here, ‘these’ are the philosophy students; ‘those’ are the things that
have read Livy:

For all x, if x is a philosophy student, then x has read Livy

Let’s look inside the scope of the universal quantification:

if x is a philosophy student, then x has read Livy

This is clearly a conditional:

x is a philosophy student ⊃ x has read Livy

Here, there is nothing left to do except introduce predicate letters:4

Px ⊃ Lx

Putting this back inside the universal quantifier, we get:

For all x (Px ⊃ Lx)

Or:

∀x(Px ⊃ Lx)

And finally putting this back for where we got it:

∃x(Hx ∧ ¬Tx) ⊃ ∀x(Px ⊃ Lx)

As indicated in the footnotes, there are other reasonable options, too,
though this solution seems best (though, obviously, you might have used
different predicate letters).

4See the previous footnote, though.
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Exercise 3. Every philosopher who has studied Greek wishes that they
studied history.

Solution: This sentence is a universal quantification. As before, we
are looking for something of the following form: Every one of these is one
of those. Here, ‘these’ are the philosophers who studies Greek; ‘those’
are the things that wish they studied history. So we should render this
sentence as:

For all x, if x is a philosopher who has studied Greek, then x
wishes she studied history

So let’s look at the antecedent:

x is a philosopher who has studied Greek

This sort of construction is always treated as a conjunction:

x is a philosopher and x has studied Greek

Here, we can do no more than introduce predicate letters:

Px ∧Gx

Putting this back for where we got it:

For all x, if Px ∧Gx, then x wishes they studied history

Let’s look then at the consequent:

x wishes they studied history

Here, one might have the sense that there’s some structure in there of
which logic ought to take notice. But there’s really not much we can do
with it, except to treat it as a predicate: Wx. So we end up with:

For all x, if Px ∧Gx, then Wx

Or:

∀x(Px ∧Gx→ Wx)

Except for choices of predicate letters, this is probably the only correct
answer.
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Exercise 4. Some farmer will vote for the candidate if no rancher
endorses the referendum.

Solution: This sentence is a conditional:

no rancher endorses the referendum ⊃ some farmer will vote
for the candidate

Let’s look at the antecedent:

no rancher endorses the referendum

The best way to handle a “No” statement is to treat it as the negation of
an existential:5

¬(some rancher endorses the referendum)

So let us look at the existential part:

some rancher endorses the referendum

This amounts to:

for some x, x is a rancher and x endorses the referendum

Remember that we want conjunction here, not a conditional. So what
we have in the scope of the quantifier is:

x is a rancher ∧ x endorses the referendum

We can do nothing else here except introduce predicate letters:

Rx ∧ Ex

So, putting that back for where we got it:

¬[for some x, Rx ∧ Ex]

Or:

¬∃x(Rx ∧ Ex)

5Another option is to treat “No R is E” as: ∀x(Rx→ ¬Ex). This is not wrong, but it
is a bit unnatural.
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And putting that back for where we got it, we will have:

¬∃x(Rx ∧ Ex) ⊃ some farmer will vote for the candidate

Now we can look at the consequent:

some farmer will vote for the candidate

This too is obviously an existential quantification:

For some x, x is a farmer and x will vote for the candidate

What is in the scope of the quantifier is a conjunction:

x is a farmer ∧ x will vote for the candidate

Introducing predicate letters will get us:

Fx ∧ V x

Putting that back for where we got it:

For some x, Fx ∧ V x

Or:

∃x(Fx ∧ V x)

We can now put this back for where we got it. This will give us:

−∃x(Rx ∧ Ex) ⊃ ∃x(Fx ∧ V x)
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Unparaphrase
In this section, we are going to translate sentences from logical notation
into ‘idiomatic English.’

You should try the problems first yourself, then study the solutions.
Remember that there are always many ways to do a given problem, so
if your solution doesn’t exactly match the one below, that may not be a
problem.

Problems
Exercise 5. ∃x(Rx ∧ V x) ⊃ ∀x(Fx ∧Mx ⊃ ¬Sx)

Rx : x is a rancher, Vx : x voted for the candidate, Fx : x is a farmer,
Mx : x owns a mule, Sx : x supports the referendum

Exercise 6. ∀x(Rx ∧ ¬Tx ⊃ Sx) ⊃ ∃x(Fx ∧ ¬Hx ∧ V x)
Tx : x pays their taxes, Hx : x is happy, Rx : x is a rancher, Vx : x voted

for the candidate, Fx : x is a farmer, Sx : x supports the referendum

Exercise 7. ∃x(Rx ∧ Cx) ⊃ ∃x(Fx ∧ ¬Hx)
Rx : x is a rooster, Cx : x crows too early, Fx : x is a farmer, Hx : x is

happy
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Solutions
Exercise 5. ∃x(Rx ∧ V x) ⊃ ∀x(Fx ∧Mx ⊃ ¬Sx)

Rx : x is a rancher, Vx : x voted for the candidate, Fx : x is a farmer,
Mx : x owns a mule, Sx : x supports the referendum

Solution:

1. If ∃x(Rx ∧ V x), then ∀y(Fx ∧Mx ⊃ ¬Sx)

(a) ∃x(Rx ∧ V x)

(b) there is some x such that Rx ∧ V x

i. Rx and V x

ii. x is a rancher and x voted for the candidate

(c) there is some x such that x is a rancher and x voted for the
candidate

(d) some rancher voted for the candidate

2. If some rancher voted for the candidate, then ∀x(Fx ∧Mx ⊃ ¬Sx)

(a) ∀x(Fx ∧Mx ⊃ ¬Sx)
(b) for all x, if Fx ∧Mx, then ¬Sx

i. Fx ∧Mx

ii. x is a farmer and x owns a mule
iii. x is a farmer who owns a mule

(c) for all x, if x is a farmer who owns a mule, then ¬Sx
i. ¬Sx

ii. x does not support the referendum

(d) for all x, if x is a farmer who owns a mule, then x does not
support the referendum

(e) every farmer who owns a mule does not support the referen-
dum

(f) no farmer who owns a mule supports the referendum

3. If some rancher voted for the candidate, then no farmer who owns
a mule supports the referendum
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Exercise 6. ∀x(Rx ∧ ¬Tx ⊃ Sx) ⊃ ∃x(Fx ∧ ¬Hx ∧ V x)
Tx : x pays their taxes, Hx : x is happy, Rx : x is a rancher, Vx : x voted

for the candidate, Fx : x is a farmer, Sx : x supports the referendum

Solution:

1. If ∀x(Rx ∧ ¬Tx ⊃ Sx), then ∃x(Fx ∧ ¬Hx ∧ V x)

(a) ∀x(Rx ∧ ¬Tx ⊃ Sx)

(b) for all x, if Rx ∧ ¬Tx, then Sx

i. Rx ∧ ¬Tx
ii. x is a rancher and x does not pay their taxes

iii. x is a rancher who does not pay their taxes
(c) Sx: x support the referendum
(d) for all x, if x is a rancher who does not pay their taxes, then x

support the referendum
(e) every rancher who does not pay their taxes supports the ref-

erendum

2. If every rancher who does not pay their taxes supports the referen-
dum, then ∃x(Fx ∧ ¬Hx ∧ V x)

(a) ∃x(Fx ∧ ¬Hx ∧ V x)

(b) for some x, Fx ∧ ¬Hx ∧ V x

i. Fx ∧ ¬Hx ∧ V x

ii. x is a farmer and x is not happy and x voted for the
candidate

iii. x is an unhappy farmer who voted for the candidate
(c) for some x, x is an unhappy farmer who voted for the candi-

date
(d) some unhappy farmer voted for the candidate

3. If every rancher who does not pay their taxes supports the referen-
dum, then some unhappy farmer voted for the candidate

Exercise 7. ∃x(Rx ∧ Cx) ⊃ ∃x(Fx ∧ ¬Hx)
Rx : x is a rooster, Cx : x crows too early, Fx : x is a farmer, Hx : x is

happy
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Solution:

1. If ∃x(Rx ∧ Cx), then ∃x(Fx ∧ ¬Hx)

(a) ∃x(Rx ∧ Cx)

(b) for some x,Rx ∧ Cx

i. Rx ∧ Cx

ii. x is a rooster and x crows too early
iii. x is a rooster that crows too early

(c) for some x, x is a rooster that crows too early

(d) some rooster crows too early

2. ∃x(Fx ∧ ¬Hx)

(a) for some x, Fx ∧ ¬Hx

i. Fx ∧ ¬Hx

ii. x is a farmer and x is not happy
iii. x is a farmer who is unhappy

(b) for some x, x is a farmer who is unhappy

(c) some farmer is unhappy

3. If some rooster crows too early, then some farmer is unhappy
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Section IIB

Evaluating a Schema
In this section, we will evaluate schema in a given interpretation. Our
domain of discourse will be {1, 2, 3}.

You should try the problems first yourself, then study the solutions.
Remember that there are always many ways to do a given problem, so
if your solution doesn’t exactly match the one below, that may not be a
problem.

Problems
Exercise 8. ∀x((Fx ∨Gx) ≡ Hx)

F = {1}, G = {2, 3}, H = {1, 2, 3}

Exercise 9. ∀x(Rx→ ¬Sx) ≡ ∃x(Gx ∧ ¬Sx)
R = {1, 2, 3}, S = {2}, G = {1, 2}
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Solutions
Exercise 8. ∀x((Fx ∨Gx) ≡ Hx)

F = {1}, G = {2}, H = {1, 2, 3}

Solution: Because we are dealing with a universally quantified
statement, we know that its truth requires that each of its instances be
true. So, we should evaluate each of the following:

(i) (F (1) ∨G(1)) ≡ H(1)

(ii) (F (2) ∨G(2)) ≡ H(2)

(iii) (F (3) ∨G(3)) ≡ H(3)

Let’s look at (i). Since F (1) is true, F (1) ∨G(1) is true. And H(1) is true.
Therefore, both sides of the bi-conditional are true, so (i) must be true.

Now, let’s look at (ii). Since G(2) is true, F (2)∨G(2) is true. And H(2)
is again true. Accordingly, (ii) is again true.

Now for (iii). Both F (3) and G(3) are false, so F (3) ∨ G(3) is false.
H(3) is true, however. Hence, (iii) is false, since its left-hand side is false
and its right-hand side is true.

Because one of the instances of our formula is false is this interpre-
tation, namely (iii), we conclude that the formula is false in the given
interpretation.

Exercise 9. ∀x(Rx→ ¬Sx) ≡ ∃x(Gx ∧ ¬Sx)
R = {1, 2, 3}, S = {2}, G = {1, 2}

Solution: To evaluate the given formula, we must evaluate its two
sides. If ∀x(Rx → ¬Sx) and ∃x(Gx ∧ ¬Sx) are both true or both false,
then the formula is true; otherwise, false.

Let’s start with the left-hand side: ∀x(Rx→ ¬Sx). This formula will
be true in our interpretation just in case each of the following are true:

(i) R(1)→ ¬S(1)

(ii) R(2)→ ¬S(2)

(iii) R(3)→ ¬S(3)
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We see that S(2) is true in our interpretation, since 2 is in the extension
of S. So, ¬S(2) is false. However, R(2) is true in our interpretation.
Therefore, (ii) is false. Because (ii) is false, ∀x(Rx→ ¬Sx) is also false
in our interpretation. We do not need to worry about the other cases.

Now, we need to look at the right-hand side: ∃x(Gx ∧ ¬Sx). In order
for this true in our model, at least one of the following must be true:

(i) G(1) ∧ ¬S(1)

(ii) G(2) ∧ ¬S(2)

(iii) G(3) ∧ ¬S(3)

Now, since 3 is not in the extension of G, G(3) is false in our interpreta-
tion, so (iii) is false. Moreover, since 2 is in the extension of S, S(2) is
true, hence ¬S(2) is false; so (ii) is also false. But G(1) is true, and S(1)
is false, so ¬S(1) is true; so (i) is true. Hence, ∃x(Gx ∧ ¬Sx) is true in
our interpretation.

Since the left-hand side of ∀x(Rx→ ¬Sx) ≡ ∃x(Gx ∧ ¬Sx) is false in
our interpretation while the right-hand side is true, we conclude that
the schema itself is false.
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Constructing an Interpretation
In this section, we will provide a schema with an interpretation that
makes it true. For ease of exposition, we will use {1, 2, 3} as our domain
of discourse. We also require that the extension of every predicate-letter
be non-empty.

You should try the problems first yourself, then study the solutions.
Remember that there are always many ways to do a given problem, so
if your solution doesn’t exactly match the one below, that may not be a
problem.

Problems
Exercise 10. ∀z(Sz ≡ (Gz ∨Rz))

Exercise 11. ∀x(Gx→ ¬Fx) ∧ ∀x(Fx→ Gx ∨Hx)
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Solutions
Exercise 10. ∀x(Sx ≡ (Gx ∨Rx))

Solution: We want to provide an interpretation that makes this
formula true. There are many ways to do this problem. One is just to
think about what the schema says and try to construct an interpretation
that will make that true. Here, we’ll proceed a bit more methodically.

Since our domain is {1, 2, 3}, we need to make all of the following
true:

(i) S(1) ≡ (G(1) ∨R(1))

(ii) S(2) ≡ (G(2) ∨R(2))

(iii) S(3) ≡ (G(3) ∨R(3))

Now we know that the extension of S has to be non-empty, so let’s put 1
into it. (It does not matter which number we choose.) So S(1) is true,
and we therefore have to make G(1) ∨R(1) true as well, and to do that,
we need to make at least one of the two disjuncts G(1) and R(1) true.
We don’t have much reason to choose one over the other, so let’s just
decide to make G(1) true. So, we have so far:

G : 1
S : 1

We could have decided also to make R(1) true. But it is generally a good
idea to do as little as you need to do at any given step. This gives your
more flexibility later, should you need it.

Remember that every extension must be non-empty. So far, we
haven’t placed anything in the extension of R. We could put 1 in, but
it’s again good policy not to ‘re-use’ numbers unless you need to do so.
So let’s put 2 into the extension of R. We get:

G : 1
S : 1
R : 2

Now, G(2) ∨R(2) is true in our interpretation, since R(2) is true. There-
fore, S(2) must be true as well, since S(2) ≡ (G(2) ∨R(2)) has to be true.
So we need to put 2 in the extension of S. We get:
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G : 1
S : 1, 2
R : 2

What about S(3) ≡ (G(3) ∨ R(3))? Do we need to do anything more
to make it true? No, we do not. As things stand, S(3) is false; but
G(3) ∨R(3) is also false; so the bi-conditional is false. So our answer is:

G : {1}
S : {1, 2}
R : {2}

Exercise 11. ∀x(Gx→ ¬Fx) ∧ ∀x(Fx→ Gx ∨Hx)

Solution: Our formula consists of two conjuncts, (i) ∀x(Gx→ ¬Fx)
and (ii) ∀x(Fx→ Gx ∨Hx). In order for our formula to be true, each of
these must be true. We’ll handle each in turn.

Let’s look first at (i). And remember that every extension must
be non-empty, so we cannot have ∀x(Gx → ¬Fx) be true just because
nothing is in the extension of G. So let’s put 1 into the extension of G:

G : 1

Now, to make (i) true, we need each of the following to be true:

G(1)→ ¬F (1)
G(2)→ ¬F (2)
G(3)→ ¬F (3)

Since G(1) is true in our interpretation, ¬F (1) must also be true, so F (1)
itself must be false. So we will have to make sure that 1 is not in the
extension of F . So what we have so far is:

F :6 1
G : 1

Note what this means: that we have decided to keep 1 out of the exten-
sion of F , which we must do to guarantee that G(1)→ ¬F (1) will be true.
We haven’t yet made any decision whether 2 or 3 is in the extension of
F . But, remember, we do need the extension of F to be non-empty. So
let’s put 2 into it:
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F :6 1, 2
G : 1

Now, this makes F (2) true and so makes ¬F (2) false. That means we
must have G(2) be false, too, since otherwise G(2) would be true, and
¬F (2) would be false, so G(2) → ¬F (2) would be false. Thus, we must
leave 2 out of the extension of G:

F :6 1, 2
G : 1, �2

What about G(3)→ ¬F (3)? So far, 3 is not in the extension of G. And, if
things stay that way, that will be enough to make G(3) → ¬F (3) true.
On the other hand, if 3 should somehow end up in the extension of G,
we may have to come back and check this one. But, at the moment, we
do not need to do anything here, so let’s just wait on it.

Let’s now look at (ii) ∀x(Fx→ Gx ∧Hx). We need to make sure that
each of the following is true in our model:

F (1)→ G(1) ∨H(1)
F (2)→ G(2) ∨H(2)
F (3)→ G(3) ∨H(3)

Now, we know that F (1) is false in our interpretation, so the first of
these is definitely true. On the other hand, F (2) is true, so we have to
make sure that G(2) ∨H(2) is true. Since we have already decided that
2 is not going to be in the extension of G, G(2) is false, so we have to
make H(2) true:

F :6 1, 2
G : 1, �2
H : 2

That has the nice side-effect of making the extension of H non-empty,
as required.

What about the last one? Well, at the moment, 3 is not in the
extension of F . So if we just make sure to leave it out, that will make
F (3)→ G(3) ∨H(3) true.6 So let’s just do that:

6Note that there are many choices we could make here.
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F :6 1, 2, �3
G : 1, �2
H : 2

And now we are done: Since nothing did force 3 to go into the extension
of G, if we make sure to leave it out, then G(3)→ ¬F (3) will be true:

F :6 1, 2, �3
G : 1, �2, �3
H : 2

So our answer is:

F : {2}
G : {1}
H : {2}

Note, by the way, that we could include 1 or 3 or both in the extension of
H if we wished. We did not have to make any decisions about those, so
we are free to do as we like. Usually, one just leaves out of the extensions
what one was not forced to put into them, but you can do as you wish.
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Interpretations and Implication
In this section, our task is to show that certain implications do not hold.

You should try the problems first yourself, then study the solutions.
Remember that there are always many ways to do a given problem, so
if your solution doesn’t exactly match the one below, that may not be a
problem.

Note that there is no requirement, in these problems, that the exten-
sions of the predicate-letters be non-empty.

Problems
Exercise 12. Show that ∀x(Px) → ∃x(Qx) does not imply ∃x(Px) →
∀x(Qx)

Exercise 13. Show that ∀x(Px∧Rx→ Qx) does not imply ∀x(Px→ Qx)

Exercise 14. Show that ∃x(Px) ∧ ∃x(Qx) does not imply ∃x(Px ∧Qx)

Exercise 15. Show that ∀x(Ax ∨Bx) ≡ ∃x(Cx) does not imply ∃x(Ax ∨
Bx) ≡ ∀x(Cx)

21



Solutions
Exercise 12. Show that ∀x(Px) → ∃x(Qx) does not imply ∃x(Px) →
∀x(Qx)

Solution: To show that an implication does not hold, we need to pro-
duce an interpretation that makes the ‘premise’ schema (or schemata)
true and makes the ‘conclusion’ schema false. I.e., in this case we need
to give an interpretation that makes ∀x(Px) → ∃x(Qx) and ∃x(Px) →
∀x(Qx) false.

As usual, one way to do this is simply to think about what the
schemata say and create an interpretation that does what’s needed.
That’s a perfectly good way to do the problem. We’ll proceed more
systematically here.

Note that we do not yet know what the domain is. We’ll have to
construct it as we proceed.

We’ll begin by making ∃x(Px) → ∀x(Qx) false. For this formula to
be false, we need ∃x(Px) to be true and ∀x(Qx) to be false. In order for
∃x(Px) to be true, we need it to have a true instance. So we need there
to be something in the extension of P . We might as well start with 1. So
1 will also have to be in our domain:

Domain: 1, . . .
P : 1

We need also to make sure that ∀x(Qx) is false. To do that, we need at
least one thing not to be in the extension of Q. We could have that be 1 if
we wanted, but, as said earlier, it is often a good strategy not to ‘re-use’
numbers if you do not have to do so. This just preserves flexibility. So
let’s decide that 2 is not going to be in the extension of Q. Again, then, 2
will need to be in our domain:

Domain: 1, 2, . . .
P : 1
Q : �2

That is enough to make the ‘conclusion’ schema false, no matter what
else we do.

We now need to make sure that our interpretation makes the first
formula true: ∀x(Px) → ∃x(Qx). There are two ways to do so: We
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can either make the antecedent false or we can make the consequent
true. It’s easy to do the latter: We just need to put something into the
extension of Q. We could use a new number, 3, but since this is the last
thing we need to do, we might as well re-use 1:

Domain: 1, 2, . . .
P : 1
Q : 1, �2

And that’s it. So our answer is:

Domain: {1, 2}
P : {1}
Q : {1}

Note that we could also put 2 into the extension of P if we liked. But
the domain should only include what you have already put into it.

Exercise 13. Show that ∀x(Px∧Rx→ Qx) does not imply ∀x(Px→ Qx)

Solution: We’ll first make sure that our interpretation falsifies the
second schema: ∀x(Px → Qx). To do so, we need to make sure that it
has a false instance. We might as well start with 1, so we need to make
sure that

P (1)→ Q(1)

is false. This means that we’ll have to put 1 in the extension of P and
leave 1 out of the extension of Q . So we have:

Domain: 1, . . .
P : 1
Q : �1

Now let’s look at the first formula: ∀x((Px ∧ Rx) ⊃ Qx). We need this
formula to be true. So far, the only thing in our domain is 1, so we just
need to make sure that

(P (1) ∧R(1))→ Q(1)

is true. We know that Q(1) is false and that P (1) is true from earlier. In
this case, if R(1) is true, then (P (1) ∧R(1)) ⊃ Q(1) will be false. So, we
need to keep 1 out of the extension of R:
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Domain: 1, . . .
P : 1
Q : �1
R : �1

And now we are done, so our answer is:

Domain: {1}
P : {1}
Q : {}
R : {}

Note that it is perfectly fine if your interpretation ends up having a
bigger domain, but oftentimes one will not need one.

Exercise 14. Show that ∃x(Px) ∧ ∃x(Qx) does not imply ∃x(Px ∧Qx).

Solution: In the previous two problems, we have started by trying
to make the ‘conclusion’ schema false. For that schema ∃x(Px ∧Qx) to
be false, there should be nothing that is both P and Q. But this does not
yet give us anything concrete to do. So let’s start to making the ‘premise’
schema ∃x(Px) ∧ ∃x(Qx) true.

This schema says that something is P and something is Q. But, note,
these need to be different things, since otherwise there will be a thing
that is both P and Q. So let’s have 1 be in the extension of P and 2 in
the extension of Q:

Domain: 1, 2, . . .
P : 1
Q : 2

And we know that we need to make sure that 2 is not in the extension
of P and that 1 is not in the extension of Q:

Domain: 1, 2, . . .
P : 1, �2
Q : �1, 2

But now we are done:

Domain: {1, 2}
P : {1}
Q : {2}
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Note that no interpretation with just a single element in the domain
would work. (Why not?) That means that the schema ∃x(Px)∧∃x(Qx)∧
¬∃x(Px ∧Qx) is true only in interpretations with domains that contain
at least two objects. Can you think of a schema that is true only in
interpretations with domains that contain at least three objects? What
about more objects?

Exercise 15. Show that ∀x(Ax ∨Bx) ≡ ∃x(Cx) does not imply ∃x(Ax ∨
Bx) ≡ ∀x(Cx)

Solution: We’ll begin by constructing an interpretation that falsifies
the second formula. In order for this formula to be false, one of ∃x(Ax ∨
Bx) or ∀y(Cy) must be false and the other must be true. It’s not obvious
what choice to make here, so we’re just going to have to try one of them
and hope for the best. If that doesn’t work, we’ll have to try the other
option.

Let’s make ∃x(Ax ∨Bx) true in the interpretation that we’re build-
ing.7 So we need some ‘case’ of this to be true. As usual, we start with 1,
so we need

A(1) ∨B(1)

to be true. Here again, it’s not clear what choice to make. So, for the
moment, let’s not make it, but just remember that it needs making
later.8 So all we have so far is:

Domain: 1, . . .
Remember to choose between A(1) and B(1)

We also need to make ∀x(Cx) false. We could decide to leave 1 out of the
extension of C, but, as before, it’s often best not to re-use numbers if you
do not have to do so.9 So let’s decide to leave 2 out of the extension of C:

Domain: 1, 2, . . .
C : �2
Remember to choose between A(1) and B(1)

7As it happens, the other choice is the one that does not work. It’s good practice to
convince yourself of that.

8In this case, either choice would be fine. But, as a matter of principle, it’s best not
to make arbitrary choices if you do not yet have to do so.

9Though, in this case, that would be fine.
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Now we need to make the first formula true. In order for this formula to
be true, either both ∀x(Ax ∨Bx) and ∃x(Cx) must be true or both must
be false. Let’s try making them both false. In order for ∀x(Ax ∨Bx) to
be false, we need one of the following to be false:

A(1) ∨B(1)
A(2) ∨B(2)

Or we could decide to add 3 into our domain, and make A(3)∨B(3) false.
But let’s see if we can avoid that this time. We can’t make A(1) ∨ B(1)
false, since we already decided that it will be true. But we can make
A(2) ∨B(2) false, if we leave 2 out of the extension both of A and B. So
let’s do that:

Domain: 1, 2, . . .
A : �2
B : �2
C : �2
Remember to choose between A(1) and B(1)

We also need ∃x(Cx) to be false, which means that the extension of C
has to be empty. Since we hadn’t yet put anything into the extension of
C, we can do that:

Domain: 1, 2, . . .
A : �2
B : �2
C : ∅
Remember to choose between A(1) and B(1)

That makes the ‘premise’ schema true. So, if we now make our choice,
we have:

Domain: 1, 2, . . .
A : 1, �2
B : �2
C : ∅

which gives us:
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Domain: {1, 2}
A : {1}
B : ∅
C : ∅

as our answer. As before, we could have let 1 be in the extension of B,
also, if we wanted. Any choice that was not forced we can now make
however we like.

27


