
Problem Set 5:
Practice Problems

Evaluating a Schema

In this section, we will determine whether a given schema is true in a
certain interpretation. In each case, the domain is {1, 2, 3}.

Problems

Exercise 1. ∀x(Px ⊃ ∃y(Ryx))
P : 1, 3
R : <1, 1>,<2, 3>,<3, 2>

Exercise 2. ∃x∀y(Rxy ≡ ∃z(Sxz))
R : <1, 1>,<1, 2>,<1, 3>,<2, 1>,<3, 1>
S : <1, 2>
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Solutions

Exercise 1. ∀x(Px→ ∃y(Ryx))
P : 1, 3
R : <1, 1>,<2, 3>,<3, 2>

Solution: In order for this formula to be true in the given interpre-
tation, each of the following must be true:

(i) P1→ ∃y(Ry1)

(ii) P2→ ∃y(Ry2)

(iii) P3→ ∃y(Ry3)

We consider each in turn.
For (i), 1 is in the extension of P , so the antecedent is true. What

about the consequent? For that to be true, we need at least one of R11,
R21, ands R31 to be true. Since <1, 1> is in the extension of R, the first
is true, so (i) is true.

For (ii), 2 is not in the extension of P , so P2 is false. Hence, we do not
need to worry about the consequent of (ii): It is true simply because its
antecedent is false.

For (iii), P3 is again true, so we do need to consider the consequent.
For it to be true, we need at least one of R13, R23, and R33 to be true.
But R23 is true, so (iii) is true.

So all cases are true, and our schema is true in this interpretation.

Exercise 2. ∃x∀y(Rxy ≡ ∃z(Sxz))
R : <1, 1>,<1, 2>,<1, 3>,<2, 1>,<3, 1>
S : <1, 2>

Solution: For this formula to be true in the interpretation, at least
one of the following must be true:

(i) ∀y(R1y ≡ ∃z(S1z))

(ii) ∀y(R2y ≡ ∃z(S2z))

(iii) ∀y(R3y ≡ ∃z(S3z))

It’s easy to see that neither (ii) nor (iii) is true in our interpretation. For
(ii) to be true, each of the following would have to be true:
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R21 ≡ ∃z(S2z)
R22 ≡ ∃z(S2z)
R23 ≡ ∃z(S2z)

Note that the right-hand side of each of these is the same: ∃z(S2z). And
it is false, since none of its instances S21, S22, and S23 is true. But R21
is true, so the first of the displayed schemata is false, and that means
that (ii) is false.

The case of (iii) is almost the same.
Let’s look then at (i). In order for it to be true, each of the following

must be true:

R11 ≡ ∃z(S1z)
R12 ≡ ∃z(S1z)
R13 ≡ ∃z(S1z)

Now again, the right-hand side in each case is the same: ∃z(S1z). And
that is true, since the instance S12 is true. So everything depends upon
whether the left-hand sides of these schemata are true. But R11 is true;
so the first is true; and R12 and R13 are true as well; so all these cases
are true, and that means that (i) is true.

So there is a true case of ∃x∀y(Rxy ≡ ∃z(Sxz)), and that means that
that schema is true, too, since an existential statement with a true case
is true.
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Constructing an Interpretation

In this section, we will construct an interpretation to make a certain
schema true. (To construct an interpretation that makes a schema false,
you can of course just make the negation of that schema true.) We’ll
suppose we have been told to use {1, 2, 3} as our domain.

Problems

Exercise 3. ∃x[∀y(Rxy) ∧ ¬∀y(Ryx)]

Exercise 4. ∀x∃y(Pxy ∧ ∀z(Fyz))
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Solutions

Exercise 3. ∃x[∀y(Rxy) ∧ ¬∀y(Ryx)]

Solution: Since our schema is existential, we just need to make one
instance of it true. It doesn’t matter at this point which instance that is,
so we’ll choose to make ∀y(R1y) ∧ ¬∀y(Ry1) true. So we need ∀y(R1y) to
be true, and we need ¬∀y(Ry1) to be true, as well.

To make ∀y(R1y) true, we need R11, R12, and R13 all to be true. So
we have:

R : <1, 1>,<1, 2>,<1, 3>

To make ¬∀y(Ry1) true, we need ∀y(Ry1) to be false. That is a universal,
so to make it false we need to make at least one of the cases R11, R21,
and R31 false. It can’t be the first, since we’ve already put <1, 1> into the
extension of R. But it could be either of the others. Again, there’s really
nothing to choose between those, so let’s say R21 is false:

R : <1, 1>,<1, 2>,<1, 3>,����<2, 1>

So one solution is:

R : {<1, 1>,<1, 2>,<1, 3>}

which is actually what we had before. But, before, not listing a pair
meant we hadn’t decided about it, and now not listing a pair means it is
out.

Exercise 4. ∀x∃y(Pxy ∧ ∀z(Fyz))

Solution: Since the schema is universal, we need each of the follow-
ing to be true:

(i) ∃y(P1y ∧ ∀z(Fyz))

(ii) ∃y(P2y ∧ ∀z(Fyz))

(iii) ∃y(P3y ∧ ∀z(Fyz))

Now, each of (i)--(iii) is an existential quantification. In the case of (i),
this means that at least one of the following must be true:

P11 ∧ ∀z(F1z)

P12 ∧ ∀z(F2z)

P13 ∧ ∀z(F3z)
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There’s nothing to choose between these, so let’s make the first one true.
So, P11 ∧ ∀z(F1z) is to be true in our interpretation. So P11 has to be
true, and so does ∀z(F1z). For ∀z(F1z) to be true, we need, since it is a
universal, all of its cases to be true: F11, F12, F13. So, so far, we have:

P : <1, 1>

R : <1, 1>,<1, 2>,<1, 3>

Now, we need to make a similar choice for both (ii) and (iii). That is, we
need at least one instance of each of them to be true. For (ii), we can
choose any one of these:

P21 ∧ ∀z(F1z)

P22 ∧ ∀z(F2z)

P23 ∧ ∀z(F3z)

Here, it is not obvious that it doesn’t matter which one we choose. So
we’ll just have to try one, and if it doesn’t work out, we’ll have to come
back and try something else.

Let’s try making the second one true. Thus, P22 has to be true, and
so does ∀z(F2z), so all of F21, F22, and F23 have to be true, which gives
us:

P : <1, 1>,<2, 2>

R : <1, 1>,<1, 2>,<1, 3>,<2, 1>,<2, 2>,<2, 3>

For (iii), we have a similar chose to make:

P31 ∧ ∀z(F1z)

P32 ∧ ∀z(F2z)

P33 ∧ ∀z(F3z)

But now we might notice that there’s something similar between what
we’re doing here and what we’ve already done. In particular, the second
conjunct in theese cases is the same as the second conjunct in the previ-
ous cases. So we’ve already made ∀z(F1z) true and also made ∀z(F2z)
true. So if we just made, say, F31 true, then we wouldn’t have to do
anything else. So that gives us:

R : {<1, 1>,<1, 2>,<1, 3>,<2, 1>,<2, 2>,<2, 3>}
P : {<1, 1>,<2, 2>,<3, 1>}
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And now we are done.
Remember: There were a lot of choices we made here, and it was

always possible that some of them would not work out, so that we’d have
to go back and make a different choice.
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Interpretations & Implication

Exercise 5. Show that ∃y∀x(Rxy) does not imply ∀y∃x(Rxy).

Exercise 6. Show that ∀x(Px → ∃y(Rxy)) does not imply ∀x(Px →
∃y(Ryx)).
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Solutions

Exercise 5. Show that ∃y∀x(Rxy) does not imply ∀y∃x(Rxy).

Solution: In this kind of problem, we are not told what the domain
is to be. But, very often, at least with the kinds of problems we will
encounter, it is enough to work with {1, 2, 3}. If it turns out that doesn’t
work, we can always add more elements to the domain. So we’ll start
with {1, 2, 3}.

We want the second formula to be false. Since it is universal, that
means we need at least one false case from among these:

∃x(Rx1)

∃x(Rx2)

∃x(Rx3)

It doesn’t matter at this point which one we make false, so let’s do the
first one. So we want ∃x(Rx1) to be false. Since that is existential, we
need all of its cases to be false: R11, R21, R31. Thus:

R :����<1, 1>,����<2, 1>,����<3, 1>,(((((
(((<whatever, 1>

The last one is a reminder that, if at some point we were to add a new
element to the domain, then we’d also need the new case it generates to
be false.

We now need to make ∃y∀x(Rxy) true. Since it’s an existential, we
need at least one of the following cases to be true:1

∀x(Rx1)

∀x(Rx2)

∀x(Rx3)

It can’t be the first one. To make that true, since it is a universal, we
would need to make all of R11, R21, and R31 true, but we’ve already
decided that those are all to be false. So let’s make the second one
∀x(Rx2) true. To do that, we need all of R12, R22, and R32 to be true.
We can do that:

1 Note that this is the sort of point at which a new element might need to be added to
the domain. It could have happened that, because of what we’d already done, we couldn’t
make any of these true. So then we’d need a new case: ∀x(Rx4), and that would require
us to add 4 to the domain. In this problem, that does not happen, but it can and will
happen in other sorts of problems.
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R : <1, 2>,<2, 2>,<3, 2>,����<1, 1>,����<2, 1>,����<3, 1>,(((((
(((<whatever, 1>

So our answer is:

Domain: {1, 2, 3}
R : {<1, 2>,<2, 2>,<3, 2>}

You can check that this is right by considering what the schemata say:
Someone is respected by everyone, and: Everyone is respected by some-
one.

Exercise 6. Show that ∀x(Px → ∃y(Rxy)) does not imply ∀x(Px →
∃y(Ryx)).

Solution: First, we will construct an interpretation to make ∀x(Px→
∃y(Ryx)) false. Since that schema is universal, we need a false case of it.
As usual, it doesn’t matter at this point what case that is, so we’ll make
P1→ ∃y(Ry1) false. Since that is a conditional, to make it false, we need
P1 (the antecedent) to be true and ∃y(Ry1) (the consequent) to be false.
And since ∃y(Ry1) is an existential, for it to be false, we need all cases of
Ry1 to be false. In particular, R11, R21, and R31 will have to be false:

P : 1

R :����<1, 1>,����<2, 1>,����<3, 1>,(((((
(((<whatever, 1>

The last is again a little reminder that, if the domain expands, we’ll need
to exclude the new cases, too.

We now work to make ∀x(Px→ ∃y(Rxy)) true. Since that is universal,
we need all cases to be true, so these all need to be true:

(i) P1→ ∃y(R1y)

(ii) P2→ ∃y(R2y)

(iii) P3→ ∃y(R3y)

Remember again that, if the domain were to expand, then there would
be new cases to consider.

Consider first (iii). At the moment, 3 is not in the extension of P .
So, at the moment, the antecedent of this conditional is not true. So we
do not need to do anything here, not at the moment. If, later, we were
to decide that 3 should be in the extension of P , then we’d need to do
something. But as long as 3 stays out, we’re good. We could decide, right
now, to keep 3 out, i.e., do this:
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P : 1, �3

but there’s no particular reason to do that rigth now. And, for all we
know, we might later want 3 to be in. So, for now, we can just keep our
options open and remember that we might have to come back to this if
something changes.

Exactly the same goes for (ii).
In the case of (i), though, 1 is in the extension of P , so P1 is true; so

we need to make sure that ∃y(R1y) is true. For that, we need there to be
a true case of R1y. It can’t be R11, since we’ve already decided that that
is to be false. But it could be R12 or R13. Let’s have it be R13. So:

P : 1

R : <1, 3>,����<1, 1>,����<2, 1>,����<3, 1>,(((((
(((<whatever, 1>

And now we are done. That made the first case true, and if we now do
just leave 2 and 3 out of the extension of P , then the second and third
cases are true as well. So one answer is:

P : 1

R : <1, 3>
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