
General Remarks on Deductions

The Rules

Very strict statements of these rules can be found in the book on pp. 183–5 and 190.

Rule P

The premise rule allows you to assume any schema you like as a premise, e.g.:

[1] (1) ¬∀x(Fx) P

Rule UI

The universal instantiation rule allows you to infer, from a universal schema, any
instance (case) of that schema. So, for example:

[1, 2] (3) ∀x(Fx→ ∃y(Rxy)) ??

[1, 2] (4) Fu→ ∃y(Ruy) UI(3)

The premise numbers on the new line should be the same as on the old line. Note that
you may use any variable you wish, so long as it is not ‘captured’ by a quantifer (so
you may not use y here). Also, you my ‘re-instantiate’ a given schema as many times
as you wish, with different variables. Some deductions require this.

Warning: The rule only applies when you have a universal schema on some previous
line. So this is a mistake:

[1, 2] (3) ∀x(Fx)→ ∀x(Gx) ??

[1, 2] (4) Fu→ ∀x(Gx) UI(3)

The problem is that the schema on line (3) here is not a universal schema. It is a
conditional.
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Rule UG

The universal generalization rule allows you to infer a universal schema from an
‘arbitrary’ instance of that schema. For example:

[1] (1) ∀x∀y(Fxy) P

[1] (2) ∀y(Fxy) UI(1)

[1] (3) Fxx UI(2)

[1] (4) ∀x(Fxx) UG(3)

The premise numbers of the new line are again those of the old line.

The idea that the instance is ‘arbitrary’ is reflected in the requirement that the vari-
able that is being generalized (here, x) not be free in any premise on which the line
depends (here, line (3) depends upon line (1), and x is not free in (1), so we are ok).

The ‘strict’ version of the rule only lets you add the quantifer. The ‘liberalized’ version
also allows you to change the variable, so to do instead:

[1](3) Fxx UI(2)

[1](4)∀z(Fzz)UG(3)

It is fine to use this looser version. Note that you do have to be a bit careful what
variable you use, again making sure you do not ‘capture’ any other variables when
you change it. The short version is that you can change the variable to any other
variable not already present in the schema, but not to any variable that is already
present. You also have to ‘pick up’ all instances of the variable you are generalizing.
So you cannot do:

[1](1) ∀x(Fxx) P

[1](2) Fxx UI(1)

[1](3) ∀z(Fzx)UG(2)

[1](4)∀x∀z(Fzx)UG(3)

We do not want to be able to do that, because line (1) does not imply line (4).

Note also that you cannot do something like this:

[1](3) Fx→ ∃y(Gy) ??

[1](4)∀x(Fx)→ ∃y(Gy)UG(3)

You have to attach the quantifer to the whole schema, not just to part of it (the an-
tecedent in this case).

Rule TF

The truth-functional implication rule says that, if at any point in your proof, you have
one or more schemata that truth-functionally imply some other schema, then you may

2



infer that other schema from the previous ones. Thus:

[1] (3) Fx→ Gx ??

[2] (4) ¬Gx ??

[1, 2] (5) ¬Fx TF (3, 4)

The premise numbers of the new lines are all the premise numbers of the lines in-
volved.

Note that what it means to say that the implication is truth-functional is that you can
show that it holds using a truth-table:

Fx Gx Fx→ Gx ¬Gx ¬Fx

T T T F F

T F F T F

F T T F T

F F T T T

So we see that Fx → Gx and ¬Gx do truth-functionally imply ¬Fx: There is no line
on which Fx → Gx and ¬Gx are both true but ¬Fx is false. (Note how we just treat
the ‘parts’ of the schema as if they were sentence-letters.)

Warning: This rule only applies to whole schemata. It cannot be applied to parts of
schemata. So you may not do this:

[1](1)∀x(Fx ∧Gx) P

[1](2) ∀x(Fx)TF (1)

Although it is true that Fx ∧ Gx truth-functionally implies Fx, it is not true that
∀x(Fx ∧ Gx) truth-functionally implies ∀x(Fx). You cannot do a truth-table to show
that implication. If you could, we wouldn’t have had to bother with all of this.

Rule CQ

The conversion of quantifers rule says that, if you have in your proof some schema of
one of the following forms:

∀x¬(. . . x . . . ) ¬∃x(. . . x . . . )
¬∀x(. . . x . . . ) ∃x¬(. . . x . . . )
∀x(. . . x . . . ) ¬∃x¬(. . . x . . . )

¬∀x¬(. . . x . . . ) ∃x(. . . x . . . )

then you may infer from it the other schema on the corresponding line of the table.
So, for example:

[1](1)¬∀x(Fx ∧Gx) P

[1](2)∃x¬(Fx ∧Gx)CQ(1)

3



The premise numbers of the new line are the same as those of the old line. Note that
the book only allows the two inferences corresponding to the first line of the table.
We’ll allow all of them.

Warning: Once again, this rule only applies to whole schemata. The schema to which
you are applying it must, as in the example, be the negation of a universal schema.
You may not do this:

[1](1)∀x(Fx)→ ¬∀x(Fx ∧Gx) P

[1](2)∀x(Fx)→ ∃x¬(Fx ∧Gx)CQ(1)

To do that is to apply CQ only to part of a schema, and you may not do that.

Rule D

The discharge rule is also known as the ‘rule of conditional proof ’, because it is a
rule that allows us to prove conditionals in a certain way: If you want to prove a
conditional A→ B, then the way to do it is to assume A as a premise and then deduce
B from it. That then counts as a proof of the conditional. More generally, what the rule
says is that, if at some point in your proof, you have some schema B, and among its
premise numbers is a line with some schema A, then you may infer A→ B, where the
premise numbers of the new line are all those of the old line except for the line where
A occurred. The idea is that the old assumption A has now been ‘packed into’ the
conditional. It is no longer implicit in the background but explicit in the antecedent.

Thus, we can do this:

[1](1) ¬∀x(Fx) P

[1](2) ∃x¬(Fx) CQ(1)

[](3)¬∀x(Fx)→ ∃x¬(Fx)D(2)[1]

Note that on line (3), premise (1) has disappeared from line (2).

See below for more on conditional proof.

Rule EG

The existential generalization rule allows you to infer an existential schema from any
instance of that schema. For example:

[1] (1) ∀x(Fxx) P

[1] (2) Fuu UI(1)

[1] (3) ∃y(Fuy) EG(2)

[1] (4) ∃z∃y(Fxy) EG(3)
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The premise numbers of the new line are again those of the old line. Note that the
variable may be changed (again, subject to ‘capturing’ restrictions), and, unlike with
UG, you do not have to ‘pick up’ all the instances of the varialble.

As usual, you cannot do this to parts of schemata. So you cannot do:

[1](1) Fa→ ∀x(Fx) P

[1](2)∃x(Fx)→ ∀x(Fx)EG(1)

This would be bad, since line (1) again does not imply line (2).

Rules EII and EIE

The existential instantiation rule comes in two parts. The idea of the rule is to allow
us to move from an existential schema to a case of it—which we assume is one of the
true cases. So the use of the EII rule introduces that assumption as a premise. Once
we are done making use of that case, for whatever purpose, however, we can get rid
of this assumption using the rule EIE: All we really needed to know was that there
was some true case, and the existential statement guarantees that there is.

So, for example, we can do this:

[1] (1) ∃x(Fx) P

[1, 2] (2) Fa EII(1)a

[1, 2] (3) Fa ∨Ga TF (2)

[1, 2] (4) ∃x(Fx ∨Gx) EG(3)

[1] (5) ∃x(Fx ∨Gx) EIE(4)[2]

The EII and EIE rules are always used together like this. The thing to remember is
that the EIE rule can only be used when the variable introduced at the premise you
are trying to eliminate is (i) no longer present in the schema on the line to which you
are applying EIE (line 4 in this case) and, moreover, (ii) is not present in any premise
of that line other than the one that you are eliminating (line 1, in this case, since line
4’s premises are 1 and 2, and 2 is the one we are eliminating).

As usual, the EII rule applies only to existential schemata. So you cannot do this:

[1](1)∃x(Fx)→ ∀x(Fx) P

[1, 2](2) Fa→ ∀x(Fx)EII(1)a

This would again lead to false conclusions.
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Guidelines for Deduction

The following are general guidelines for proving propositions of various forms from
propositions of other forms. These guidelines do not provide a procedure for proving
sentences of polyadic quantification theory. They are, however, useful rules of thumb.

When trying to prove a schema, it is often easiest instead to prove a truth-functional
equivalent and then infer the original schema by rule TF. So if, for example, you are
asked to prove something of the form “¬(A∨ B)”, it may well be easiest first to prove
“¬A.¬B” and then to infer “¬(A ∨ B)” by rule TF. Some of the rules mentioned below
are of this general sort.

A second generally useful method is proof by reductio ad absurdum. In a proof by re-
ductio, instead of attempting to proving some schema A directly, one derives a (truth-
functional) contradiction from ¬A. So, for example, to prove A ⊃ B, one may derive a
contradiction from ¬(A ⊃ B), that is, from A.¬B. Usually, the contradiction will itself
be proven by proving both C and ¬C, for some appropriate C. So the proof will look
something like:

[m] (m) A P
...

[. . . ,m] (n) C.¬C ?

One then completes such a proof as follows.
[. . . ] (n+ 1) A ⊃ C.¬C D(n)[m]
[...] (n+ 2) ¬A TF (n+ 1)

Proof by reductio is a very useful method which we shall mention again below.

Rules for Deriving Various Sorts of Schemata

To prove a conditional, assume the antecedent as a premise, and derive the conse-
quent from it. Then infer the conditional by Rule D. Or, derive a contradiction from
A.¬B, which is equivalent to ¬(A ⊃ B), for a reductio.

To prove a disjunction, one has three options. The first of these is to prove one of the
disjuncts and infer the disjunction by TF, but this rarely works. The second option is
to prove not A ∨ B but one of the two equivalents ¬A ⊃ B and ¬B ⊃ A and then to
infer the disjunction by TF. For example, to prove A∨B, one might proceed as follows:

[m] (m) ¬A P
...

[m, ...] (n) B ??
[. . . ] (n+ 1) ¬A ⊃ B D(n)[m]
[. . . ] (n+ 2) A ∨B TF (n+ 1)

The final option is to proceed by reductio, deriving a contradiction from ¬(A∨B), i.e.,
from ¬A.¬B. I tend to use the second, but some people prefer the third.
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To prove a conjunction, it is almost always best just to prove both conjuncts and infer
the conjunction by TF.

To prove a biconditional, one proves an equivalent. If one wants to prove A ≡ B, there
are two main ways to proceed. The first is to prove the equivalent (A ⊃ B).(B ⊃ A),
i.e., to prove both A ⊃ B and B ⊃ A. The other is to prove the equivalent (A ⊃
B).(¬A ⊃ ¬B). So you prove both conditionals.

To prove a universal quantification, say, ∀x(A(x)), there are again two main ways to
proceed. First, one can prove an appropriate instance of the statement and infer it
by rule UG. It will often be possible just to prove the instance A(x), but not always.
You must also be certain that the instantial variable is not free in any premise on
which the proven schema A(x) depends, else rule UG will not be applicable. The
second option is to prove ¬∃x(¬A(x)) and to infer ∀x(A(x)) by means of rule CQ. To
prove ¬∃x(¬A(x)), one can proceed by reductio, assuming ∃x(¬A(x)) and attempting
to derive a contradiction. Many people prefer this last strategy, because existential
statements are relatively easy to work with: The only thing one can really do with
them is take an instance using rule EII.

To prove an existential quantification, there are again two main ways to proceed. If
one wishes to prove ∃x(A(x)), one may prove some instance A(t) and infer by EG.
Second, one may instead prove ¬∀x(¬A(x)) and infer the statement by means of CQ.
Once again, ¬∀x(¬A(x)) itself might be proven by reductio: Assume that ∀x(¬A(x))
and attempt to derive a contradiction.

Rules for Deriving Schemata From Various Types of
Schemata

To prove something from a disjunction, say, to derive C from A ∨B, the usual method
is somewhat complicated. (This method of proof is called the “disjunctive syllogism”
or “proof by cases”.) The idea is as follows: We derive C from each of A and B inde-
pendently. What we actually prove is therefore (A ⊃ C).(B ⊃ C), and we infer C itself
from this and A ∨ B by rule TF. To prove the conjunction, of course, we prove each of
the conjuncts. The proof therefore ends up looking something like:
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[...] (i) A ∨B ??
...

[j] (j) A P
...

[j, ...] (k) C ??
[. . . ] (k + 1) A ⊃ C D(k)[j]
[k + 2] (k + 2) B P

...
[k + 2, . . . ] (m) C ??

[. . . ] (m+ 1) B ⊃ C D(m)[k + 2]
[. . . ] (m+ 2) C TF (k + 1,m+ 1, i)

To prove something from a universal quantification is seemingly easy, but it is what
makes deduction hard. In general, one will need to take instances of the universal
statement using the UI rule, but there are infinitely many possible instances of every
universal statement, and one cannot just try them all out. A good rule to remember
is that one will often need to use instances other than the obvious ones. For example,
if you have a universal schema ∀x(A(x)), you will often need to use the instance A(a)
or A(y) rather than just A(x). So, if you run out of ideas, see if there are any variables
which appear in your proof so far which you can use to get some new instances of
universally quantified statements.

To prove something from an existential quantification, there is really only one way to
proceed: Prove it from an instance, the instantial variable being one which is not free
in the conclusion. This means using the EII and EIE rules.

To prove something from a negation, convert it into something that isn’t a negation.
If what you have is either of the form ¬∃x(. . . ) or ¬∀x(. . . ), then you can use CQ; if
it isn’t of that form, then you can use TF. For example, if you have: ¬(A ∨ B), just
convert it by TF to: ¬A.¬B, and then work with that.
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